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So l i t a ry  'waves (in p a r t i c u l a r ,  sol i tons)  p lay  in a well-known sense  in the ana lys i s  of subs tan t ia l ly  non- 
l i n e a r  s y s t e m s  the s ame  fundamental  ro l e  as no rma l  modes  p lay  in the l i nea r  case .  The co r r e spond ing  me th -  
ods (exact  and approximate)  a r e  now well developed [1-3]. In th is  p a p e r  we p ropose  a model  for  a d i s t ens ib l e  
tube (pipeline),  which t akes  into account  the fo rma t ion  of such waves dur ing  the t r a n s p o r t a t i o n  of l iquid. The 
p o s s i b i l i t y  of the fo rmat ion  of waves of qua l i ta t ive ly  d i f ferent  types  is  s tudied.  Numer i ca l  expe r imen t s  r e -  
vealed t h e i r  ",,~oliton p r o p e r t i e s "  and the p r o c e s s  of loca l i za t ion  is followed for  some typical  in i t ia l  condit ions.  

I n t e r e s t  in  such s y s t e m s  s t e m s  both f rom the pos s ib l e  technica l  app l ica t ions  and the def ini te  r e l a t i o n -  
ship with p r o b l e m s  in b iomechan ics :  in blood v e s s e l s  l oca l i zed  waves can be fel t  quite fa r  f rom the source  
(pulse),  and th i s  apparen t ly  ind ica tes  t h e i r  nonl inear  na ture .  

1. Bas ic  Assumpt ions .  We shal l  s tudy the a x i s y m m e t r i e  flow of an ideal  i n c o m p r e s s i b l e  liquid, confined 
in a tube, who.,3e su r f ace  at  each moment  in t ime t i s  a su r f ace  of revolu t ion  r = a (x, t) r e l a t i ve  to the x axis  
(Fig.  1). In the undeformed s t a t e  the tube i s  a s sumed  to have a r ad ius  r = a ~ = const,  while the deformed  (un- 
d e r  the act ion of the p r e s s u r e  of the liquid) su r f ace  is  such that  the following condition of smoothness  holds 
(the s u b s c r i p t  h e r e  and below ind ica tes  d i f fe ren t ia t ion  with r e s p e c t  to the va r i ab le  indicated):  

l a~ I << I .  (i.i) 

Let  us a.,ssume that  the tube su r f ace  i s  fo rmed  by e l a s t i c  r ings ,  mounted on iden t ica l ly  s t r e t ched  s t r i ngs  
(Fig.  1). We sha l l  a s s u m e  that  the s u r f a c e  is  continuous and i m p e n e t r a b l e  to the liquid. This  cons t ruc t ion  can 
s e r v e  as a model  of a cy l i nd r i ca l  wafer  she l l  o r  pipe made of an i so t rop ic  m a t e r i a l ,  p laced  in an e l a s t i c  m e -  
dium. 

We note that in the p a r t i c u l a r  case  when the re  a r e  no s t r i ngs  for  sma l l  d i sp l acemen t s  (a - a ~ we obtain 
the model  of an ex tens ib le  pipe s tudied in [4]. The co r r e spond ing  l imi t ing  p r o c e s s  is  analyzed below. 

2. Der iva t ion  of the Equat ions of Dynamics  of the Tube.  Accord ing  to the a s sumpt ions  adopted in Sec. ! ,  
we sha l l  wr i te  the e x p r e s s i o n  for  the potent ia l  energy  of the a x i s y m m e t r i e  de fo rmat ions  in the fo rm 

- ~ - a ~ d S * d x ~ -  d S d x = n  aT a~dx-~ ~ a  ~ e2dx, e =  dS (2.1) 
18*  1 S  l l 

where  dS*  ~-- adO, d S  = a~ a r e  e l e m e n t s  of the length of the  c i r c u m f e r e n c e  in the t r a n s v e r s e  c r o s s  sec t ion  in 
the de fo rmed  and s t a r t i ng  s t a t e s  of the tube, r e s pe c t i ve l y ;  T* is  the to ta l  force  in the s t r i ngs  pe r  unit length 
of the de fo rmed  ring; k i s  the e l a s t i c  constant ,  c h a r a c t e r i z i n g  the (in t lds  case  l i n e a r l y  e las t ic )  m a t e r i a l  of the 
r ings ;  and, l is  the length of the tube. 

In view of the a s sumpt ion  that  the l iquid is  ideal ,  the l iquid exe r t s  on the i n t e r i o r  s u r f a c e  only a no rma l  
p r e s s u r e  pa = pa(x, t) (we a s s u m e  that  the ex te rna l  p r e s s u r e  equals  zero) .  Because  of the mild  s lope we shal l  
neglec t  the effect  of th is  p r e s s u r e  and the fo r ce s  in the r ings  on the change in the fo r ce s  in the axial  d i r ec t ion  
x, and we thus obtain 

2~aT*  =: 2~a~ = const (2.2) 

which is the condit ion for conse rva t ion  of the flux of axial  f o r c e s .  

Taking into account (2.2) the e x p r e s s i o n  (2.1) for  the potent ia l  ene rgy  a s s u m e s  the fo rm 
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Let a be the surface  density of the pipe (a* is the same quantity in the deformed state). The condition for con- 
servat ion of mass  leads to the equality 2na~*dx ~ 2na~ and the expression for the kinetic energy of the entire 
tube becomes 

f ~ - ~  a~o*dS*dx = ~a~ ~ a~dx. (2.4) 
! Z *  l 

The relat ions (2.3) and (2.4) pe rmi t  writing the Lagrangian of the free sys tem in the form 

L =  T a t - - " Z  ~ - - " Z  (2.5) 

The equation of motion is 

d a L  0 OL OL 

dt Oa t ~- Oz Oa~ Oa = Q~" (2.6) 

Here Qa = p a a / a  ~ is the general ized p res su re ,  determined f rom the express ion f rom the work per formed by 
the p r e s s u r e  on the virtual displacement  5a: 

l l l 

Substituting (2.5) into (2.6) we obtain the final equation of motion 

,. o0[ )] 
a (2.7) 

If y = a - a ~ is much smal le r  than a ~ then, l inearizing (2.7) with respec t  to y, we a r r ive  at the equation for  
osci l lat ions of the s t r ing on a l inearly elast ic foundation 

pa = ~Y~t - -  T y ~  + - ~  y. (2.8) 

If, in addition, there  a re  no s t r ings  (T = 0), Eq. (2.8) assumes  the form of the equation of motion of a l inear  
osc i l la tor .  This simplified model of the tube is used in [4]. 

3. Equations for the Flow and Formulat ion of the Problem.  Eu l e r ' s  equations, averaged under the a s -  
sumptions (1.1), for an ax isymmetr ic  flow in a cyl indrical  coordinate sys tem have the form 

i aa t + -~ (a ~" (v})~ = 0; (3.1) 

i a 
(v}t  -t" (v}  (v}x = --  --~ p~,: (3.2) 

ff 
2 j r v d r  is the axial velociW, averaged over  the c ross  sect ion of the flow, of the par t ic les ;  p where (v) ~ -  is 

0 

the density of the liquid. The Eqs. (2.7), (3.1), and (3.2) form a sys tem relat ive to the quantities pa,  (v) ,  and a .  
The p r e s s u r e  function is easi ly eliminated by substituting (2.7) into (3.2). 
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We i n t r o d u c e  the  d i m e n s i o n l e s s  q u a n t i t i e s  

t v~ h = a V <v> x = z 

pa~ ~  pa ~ 

(v ~ i s  the  v e l o c i t y  of the  s t e a d y - s t a t e  flow in a s e c t i o n  wi th  r a d i u s  a = a~  Then  a f t e r  a s i m p l e  t r a n s f o r m a t i o n  
the  s y s t e m  a s s u m e s  the  f o r m  (we o m i t  the  o v e r b a r  on x,  t ,  )~, and T) 

t 
v, + vv , := (3.3) 

h 
h t + Vh~  = - -  -~ V:r 

The s y s t e m  (3.3) a d m i t s  a s t a t i o n a r y  s o l u t i o n  wi th  va lue s  os V and h (V = 1 and h = 1) which  a r e  c o n s t a n t  a long  

the  x a x i s .  

A s s u m e  tha t  i n i t i a l l y  (at  t i m e  t = 0) the  v e l o c i t y  of the  flow and the s u r f a c e  of  the  tube  a r e  p e r t u r b e d .  
The  p r o b l e m  c o n s i s t s  of s t udy ing  the  f u r t h e r  evo lu t i on  of the  f o r m  and p r o p a g a t i o n  of t h e s e  d i s t u r b a n c e s .  

4. S o l i t a r y  W a v e s .  A n a l y s i s  of the  s y s t e m  (3.3) in the  c a s e  of  an in f in i t e  tube  shows  the  p o s s i b i l i t y  of 
p r o p a g a t i o n  of s o l i t a r y  w a v e s .  F i g u r e  2 shows  the t r a j e c t o r i e s  of the c o r r e s p o n d i n g  s o l u t i o n s  in the  p l a n e  
(h~,  h), w h e r e  ~ i n d i c a t e s  d i f f e r e n t i a t i o n  wi th  r e s p e c t  to the  p h a s e  v a r i a b l e  of  the  t r a v e l i n g  wave .  

The  t ype  of t r a j e c t o r y  d e p e n d s  on the  va lue  of the  p a r a m e t e r  b = (1 - c)2/27~. F o r  b < 1 / 4  the  t r a j e c t o r y  
(a) l i e s  in  the  r e g i o n  h < 1. I t  c o r r e s p o n d s  to a s o l i t a r y  wave  in the  f o r m  an a x i s y m m e t r i c  den t  in  the  tube .  
If 1 / 4  < b < 1, h i s  g r e a t e r  t han  un i ty  (b). Th i s  i s  a t r a v e l i n g  wave  in the  f o r m  of a l o c a l i z e d  a x i s y m m e t r i c  
"bu lge . "  In F i g .  2 the  l oops  a and b as  b - -  1 / 4  c o n v e r g e  to a po in t  h = 1, whi le  fo r  b = 1 / 4  the  p o s s i b l e  f o r m  
of t he  s o l i t a r y  wave  c h a n g e s  q u a l i t a t i v e l y .  F o r  a v a l u e s  of b c l o s e  to 1 / 4  a s i m p l e  a n a l y t i c  so lu t ion  can  be o b -  
t a i n e d  

A , I--c 
h = l - - e - ~  V = c +  h---~- , (4.1) 

where A = (i/.4b) - 1 

(4.2) 

A n a l y s i s  of t h i s  s o l u t i o n  and the  r a d i c a n d  in (4.2) shows  tha t  the  l o c a l i z e d  dent  p r o p a g a t e s  in qui te  r i g i d  o r  
r e l a t i v e l y  l igh t  t u b e s .  

C o n v e r s e l y ,  f o r  p r o p a g a t i o n  of a l o c a l i z e d  bu lge  the  tube  m u s t  be qui te  m a s s i v e  o r  i t  m u s t  have  a r e l a -  
t i v e l y  high s t i f f n e s s  f o r  t r a n s v e r s e  s t r e t c h i n g  ( c o m p a r e d  with  a x i a l  s t r e t c h i n g ) .  

The  fo l lowing  l i m i t a t i o n  i s  n e c e s s a r y  in u s i n g  the  so lu t i on  (4.1): 

1 IAI---- --c) ~ i <<1. 

In the  a b s e n c e  of l ong i tud ina l  s t r e t c h i n g  (T = 0) only  the  s e c o n d  type  of s o l i t a r y  wave  i s  p o s s i b l e .  

5. C o m p u t a t i o n a l  S c h e m e .  N u m e r i c a l  e x p e r i m e n t s  w e r e  p e r f o r m e d  in o r d e r  to s tudy  the  c h a r a c t e r  of 
wave  p r o c e s s e s  fo r  i n i t i a l  d i s t u r b a n c e s  of a m o r e  g e n e r a l  f o r m .  The  s y s t e m  (3.3) was  i n t e g r a t e d  in  the  p a r -  
t i c u l a r  c a s e  of a z e r o - i n e r t i a  t ube  (/~ = 0) with p e r i o d i c  b o u n d a r y  c o n d i t i o n s .  

An i m p l i c i t  t h r e e - s t e p  f in i t e  d i f f e r e n c e  i n t e g r a t i o n  s c h e m e  with  s e c o n d - o r d e r  a c c u r a c y  of the  a p p r o x i m a -  
t ion  of  s p a t i a l  d e r i v a t i v e s  was  s e l e c t e d .  The  s y s t e m  of equa t ions  was  i n t e g r a t e d  on a 101-po in t  g r i d  with a s t ep  
Ax = 0.01 in  x and At = 0.001 in t i m e ,  which  g u a r a n t e e d  tha t  the  c o m p u t a t i o n a l  s c h e m e  wi l l  be s t a b l e .  The i n i -  
t i a l  c o n d i t i o n s  w e r e  g iven  in the  f o r m  (4.1). In F i g s .  3 and 4 the  n u m b e r s  in  the  u p p e r  l e f t - h a n d  c o r n e r  of e ach  
f r a m e  i n d i c a t e  the  n u m b e r  of  the  i n t e g r a t i o n  s t e p  in t i m e .  The  v a l u e s  of the  o r d i n a t e s  of  po in t s  on the  s u r f a c e  
of the  tube  h = h(x) a r e  i n d i c a t e d  on the  l e f t  ( so l id  l i ne s ) ,  and the n u m b e r s  on the  r i g h t  c o r r e s p o n d  to the  g r a p h s  

of the  v e l o c i t y  d i s t r i b u t i o n  V = V(x) (b roken  l i n e s ) .  
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6. D i scuss ion .  The mutual  s y m m e t r y  of the g raphs  of the ve loc i ty  and of the su r f ace  r e l a t i v e  to the a b s -  
c i s s a  axis  i nd i ca t e s  tha t  at  the loca t ions  of the cons t r i c t i ons  the veloci ty  i s  h igher  than in the bulges  of the 
tube.  However ,  " su rges"  were  found in the fo rm of loca l i zed  waves,  for  which the convexi t ies  of the graphs  
a r e  d i r e c t e d  in the s ame  d i r e c t i o n -  downwards o r  upwards  (F igs .  3 and 4). In  sp i te  of the s m a l l  d imens ions  
c o m p a r e d  with the den t , bu lges  p ropaga te  with a h igher  phase  veloci ty .  We emphas i ze  that  the ca lcu la t ions  
were  p e r f o r m e d  for  the case  of a z e r o - i n e r t i a  pipe (p = 0), when the ana lys i s  d e s c r i b e d  in Sec. 4 g ives  s o l i t a r y  
waves only in the fo rm of dents .  

In all  c a s e s  t he re  is  a tendency for  loca l ized  waves  to fo rm f rom di f ferent  in i t ia l  d i s t u rbances .  These  
waves  have a defini te  s t ab i l i t y  and r e t a in  t he i r  ind iv idua l i ty  for  quite a long t ime  a f t e r  in te rac t ion  with waves 
s i m i l a r  to them.  The p r o c e s s  of shedding of the " e x c e s s  energy  n by the in i t ia l  d i s tu rbance  is  analogous to the 
p r o c e s s  d e m o n s t r a t e d  by some  exact ly  in tegrab le  s y s t e m s  [1, 2]. 

On the whole the r e s u I t s  of the n u m e r i c a l  ana lys i s  show that  the behav io r  of l oca l i zed  waves  in the s y s t e m  
under  s tudy has the bas ic  c h a r a c t e r i s t i c  f ea tu res  of the p ropaga t ion  of so l i tons ,  at l e a s t  over  r e l a t i v e l y  long 
t ime  i n t e rva l s .  

i. 
2. 
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SELF-SIMILAR SOLUTIONS TO THE PROBLEM OF THE 

MOTION OF A SPHERICAL PISTON IN A HEAT- 

CONDUCTING MEDIUM WITH CONSERVATION OF THE 

ENERGY OF A POINT EXPLOSION 

R. G. Dautov and E. V. E r m o l i n  UDC 517.9:533.9 

In this paper  we study the problem of the motion of a spherical  piston with fixed heat removal  on it along 
a heat-conduct ing medium with a distr ibuted density, in which there  initially occur red '  a point explosion which 
re leased  a finite energy E 0. We study the case when the heat removal  is compensated by the work per formed 
by the piston, i .e. ,  the total energy of the medium remains  constant and equal to the re leased energy E 0. 

Analysis  of the numer ica l ly  found s e l f - s imi l a r  solutions revealed the following features.  

For  solutions which have the same total energy,  as the velocity of the piston and the rate  of heat removal  
on it increase ,  the mass  velocity or  propagation of the forward wave front,  the difference between the velocity 
of the forward f ront  of the per turbat ions  and the velocity of the shock wave following it, and the re la t ive  f r a c -  
tion of the thermal  energy all decrease .  

As E 0 increases ,  f i rs t  of all, the behavior indicated above intensifies and, second, interest ing features 
are  observed for two limiting problems - a pare  explosion [1, 2] and maximum heat removal :  the percentage 
of the kinetic energy of the explosion in the problem without the piston (pure explosion) drops and t h e  percen t -  
age of the kinetic energy of the explosion in the problem with maximum heat removal  (the tempera ture  at the 
piston equals zero) increases .  

We write the sys t em of gas -dynamics  equations in the Lagrangian mass  coordinate sys tem [3] in the form 

ot v,  ~ - -  pr2, ~ ~ am' - -  am ' 

ae 0 (~v) a (r~) W ,, o r  (i) 
o-i ~ - -  P -~m am ' : --  r-p• Tin' 

RT 5 
e - ~  7 _  t ,  p = RpT,.  •  s]2,. ? ----_-~. 

Here r is the radius,  m is the Lagrangian m a s s  variable,  t is the t ime, v is the velocity, p is the density, p is 
the p re s su re ,  s is the internal energy, T is the tempera ture ,  W is the heat flux, and • is the coefficient of 
the rmal  conductivity, charac te r i s t ic  for a h igh- tempera ture  hydrogen plasma.  

Dimensional analysis  [4] shows that the problem of an instantaneous point explosion followed by the mo-  
tion of a spher ical  piston has a se l f - s imi l a r  solution when the following hold: 

boundary conditions on the piston (m = 0) 

v(O, t) = r o t - t / ' ,  W(0, t) = --v(0,, t)p(0,,, t); (2) 

boundary conditions on the forward front of the perturbat ion wave mN(t) 

p (raN, t) = ~ ---'/2 eo"~,~ , v (m~, ,  t) = r ( r e x ,  t) = W (raN,  t) = 0;  (3) 
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